Enhanced Campbell Diagram
With the Concept of H.. in
Rotating Machinery: Lee Diagram

The Campbell diagram, a frequency-speed diagram, has been widely used for prediction
of possible occurrence of resonances in the phase of design and operation of rotating
machinery since its advent in 1920s. In this paper, a set of new frequency-speed dia-
grams, which is referred to as the Lee diagram, is newly proposed, where the conven-
tional Campbell diagram is incorporated with the concept of the infinity norm of direc-
tional frequency response matrix (dFRM) associated with a rotor with rotating and
stationary asymmetry in general. The dFRM is constructed based on complete modal
analysis of a linear periodically time-varying rotor model formulated in the complex
coordinates. It is shown that the Lee diagram is powerful in that it can identify the modes
of symmetry, rotating and stationary asymmetry, and extract only a few critical reso-
nances out of the, otherwise, overcrowded ones without a measure of priority as in the
Campbell diagram. In order to demonstrate the power of the Lee diagram in design and
operation of rotating machines, three examples are treated: a typical anisotropic rigid
rotor; a simple general rotor, and a two-pole generator. [DOL: 10.1115/1.3173610]
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1 Introduction

In this introductory section, we state briefly the state of the art
in modal analysis of linear rotor-bearing systems, analyze the na-
ture of the whirl speed chart (better known as the Campbell dia-
gram), which is the plot of the modal frequencies and possible
excitation order lines against the rotational speed, and discuss
previous attempts to improve the diagram.

1.1 State of the Art in Modal Analysis of Rotor-Bearing
System. In general, a rotor-bearing system has two main parts,
rotor and stator. According to the nonaxisymmetric properties of
the rotor and stator parts, a rotor-bearing system may be classified
into four types [1,2]: isotropic (symmetric) rotor system, when
both the rotor and the stator are axisymmetric; anisotropic rotor
system, when the rotor is axisymmetric but the stator is not (sta-
tionary asymmetry); asymmetric rotor system when the stator is
axisymmetric but the rotor is not (rotating asymmetry); and gen-
eral rotor when neither the rotor nor the stator is axisymmetric
(both stationary and rotating asymmetry). Modal analysis of the
isotropic [3], anisotropic [3-5], and asymmetric linear rotor sys-
tems [2], which are essentially formulated as a time-invariant lin-
ear system, has been well developed and the commercial finite
element method (FEM) codes, such as NASTRAN, ANSYS, SAMCEF,
etc., have also become available in the market, except for modal
analysis of the general rotor system. On the other hand, the modal
analysis of general rotor systems, which is characterized by the
presence of periodically time-varying parameters, has recently
been conducted using both the Floquet theory [6] and the modu-
lation coordinate technique [7].

1.2 Campbell Diagram. Rotating machines nowadays are de-
signed such that they can be safely operated beyond or passing

lCorresponding author.

Contributed by the Applied Mechanics Division of ASME for publication in the
JOURNAL OF APPLIED MECHANICS. Manuscript received March 24, 2008; final manu-
script received April 19, 2009; published online December 14, 2009. Review con-
ducted by Wei-Chau Xie.

Journal of Applied Mechanics

Copyright © 2010 by ASME

through many critical speeds. Rotating machinery consists of
many structural elements such as shaft, disk, blade, bearing/seal/
damper, casing, and foundation. Not only each machine structure
reveals its own local dynamic characteristics, but the whole ma-
chine as an assemblage of part structures also reveals global dy-
namic characteristics. The dynamic properties of most common
interest in rotating machinery typically include the critical speeds,
stability of modes, and forced response. The critical speeds of a
rotor are defined as the rotational speeds at which the speed-
dependent modal (natural) frequencies, rigid or flexible, intersect
with the order lines associated with possible excitation sources of
paramount interest. Perhaps one of the most convenient and el-
egant graphical presentations for predicting critical speeds is
known as the Campbell diagram, which was introduced by Camp-
bell in 1924 in a study of circumferential waves in turbine disks
[8,9]. He believed that “one of the most important features in the
design and manufacture of a steam turbine is the elimination of
the possibility of vibration occurrence at the various natural fre-
quencies of its disk wheels and buckets.” It is often referred to as
the whirl speed chart (map) [10], frequency-speed diagram, natu-
ral frequency-speed map, damped natural frequency map, interfer-
ence map, and frequency interference diagram, where the whirl
speeds, or equivalently the modal frequencies, and the order lines
of possible excitation forces are plotted against the rotational
speed. The Campbell diagram is helpful for design and practice
engineers to judge on the margin of safe operation in the design as
well as field operation processes. The Campbell diagram has been
popularly adopted in the design of rotors with bladed disks such
as turbines and fans, where the blade natural frequencies and the
excitation order lines associated with the blade passing frequency
and the integer multiples are easily identified [11,12]. However,
its usage is limited in the sense that it does not provide practice
engineers with the essential information such as the stability and
forced response of the actual rotor system, particularly when the
system possesses both stationary and rotating asymmetry. In other
words, it does not tell us about which critical speeds have to be
considered seriously in design and operation—the severity of the
rotor response at each critical speed. For the critical speeds of an
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isotropic rotor system associated with unbalance excitation, the
backward whirl speeds are traditionally indicated by broken lines,
in order to indicate the less importance of the backward critical
speeds in the unbalance response of the isotropic rotor system

[13].

1.3 Previous Attempts for Enhanced Campbell Diagram.
One method of accommodating the stability information, which
has been well adopted by many researchers in the past, is simply
to add the information of the modal damping as well as frequency
for each mode in the Campbell diagram [14], or to draw root loci
with the rotational speed varied. The relative stability of each
mode can be addressed based on the added information on modal
damping, but as the number of modes increases, the additional
information complicates the understanding of the plot, obscuring
the essence of information.

Forced responses, including the most common unbalance re-
sponses, of a rotor at critical speeds essentially tell us about what
actually happens with the rotor in operation subject to known
excitation forces. However, the forced responses never represent
the real rotor characteristics, unless the accurate quantitative in-
formation of all excitation forces, say the precise unbalance dis-
tribution, is available, which is an impractical, if not impossible,
requirement.

Fortunately, the rotordynamic modeling and analysis have been
quite successful in the past, since the rotordynamic modeling
based on the finite element method or transfer matrix method
(TMM) is relatively simple in nature compared with other com-
plicated structures and the parameter uncertainties are rarely en-
countered. From the rotordynamic analysis, we can obtain useful
modal information such as the modal damping and frequency,
and, above all, the modal vector. Based on the modal information,
we can simulate forced response for excitation forces given. Often
we assume the nature of excitation forces and freely simulate all
probable situations. However, the forced response varies as the
excitation force is changed. It means that, unless the exact infor-
mation of excitation force is given, the forced response represents
one realization of innumerable situations encountered in practice.

As the rotor system configuration becomes complicated as in
the case of bladed turbine wheels, the corresponding whirl speed
charts are overcrowded with the many subsystem natural frequen-
cies and order lines, resulting in many intersections. However, not
all the intersections may be engaged with possible resonances,
when each order line is associated with a particular mode. Singh
[15] successfully introduced a method of reducing the number of
meaningful intersections by using the relation between the order
lines and the mode shapes of bladed turbine wheels. However, his
method still lacks the information of modal damping and eigen-
vectors in predicting the critical speeds.

1.4 Proposition of a New Whirl Speed Chart. Modal damp-
ing certainly has to do with the relative stability of mode. Pres-
ence of modes with positive damping at a rotational speed indi-
cates the unstable free response of the rotor at that speed, the
response becoming large as far as the linearity assumption allows.
Modes of light damping contribute more to the transient response
than modes of heavy damping. However, it is not completely cor-
rect to say that modes of light damping contribute more to the
steady-state response than modes of heavy damping. In fact, the
magnification factor near the modal frequency for the harmonic
response is inversely proportional to modal damping, but the re-
sponse is also proportional to the residue that is a product of the
modal and adjoint vectors as well as the force itself. Thus, the
modal vector, whose importance is often forgotten, should be ac-
counted whenever the severity of the response is addressed [16].
Based on the modal analysis of general rotor systems, the rigorous
norm analysis of modal vectors has recently been carried out [17],
in order to represent the strength of modes in the complex coor-
dinate system. In this paper, a new method of reflecting the im-
portance of each mode in the Campbell diagram is proposed by
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calculating the infinity norms of the four directional frequency
response matrices [3] defined in the complex coordinates, which
are referred to as the Lee diagram [18]. The Lee diagram is a
function of the frequency and the rotational speed, which can be
used as a powerful and effective tool in selecting only a few
important possible resonances for design and operation of rotors
in practice, from otherwise too many possible ones.

2 Complex Modal Analysis of General Rotor Systems

In this section, we briefly summarize the modal analysis
method for a general rotor system with both the rotating and the
stationary asymmetry described in Ref. [6] and the concept of
modal strength developed in Ref. [17].

2.1 Modal Analysis Using Floquet Theory [6]. For a general
rotor system with rotating and stationary asymmetry, the equation
of motion can be conveniently written in the complex stationary
coordinates, as follows [3,19-21]:

M (1) + Cp(1) + Kep(1) +{Myp(r) + Cyp (1) + Kyp(1)}

+ MM, p(r) + C,p(1) + K,p(1)} = (1) (1)
Here, the N X 1 complex response and force vectors, p(7) and g(z),
defined by the real response vectors, y(¢) and z(¢), and the real
excitation vectors, f\(¢) and f_(7), respectively, are

p(0) =y() - jz(r), g(t) =£,(r) + jt(1),

g(n) =1,(1) - j£.(1) 2)
where j means the imaginary number; N is the dimension of the
complex coordinate vector; g(r) includes the force and moment; €}
is the rotational speed; “-”” denotes the complex conjugate; M;, C;,
and K; denote the complex valued N X N generalized mass, damp-
ing, and stiffness matrices, respectively; and the subscripts f, and
b and r refer to the mean value, and the deviatoric values for
anisotropy (stationary asymmetry) and asymmetry (rotating asym-
metry), respectively. For an isotropic rotor, My=Cp=K,=M,
=C,=K,=0; for an anisotropic rotor, M,=C,.=K,=0; and for an
asymmetric rotor, M, =Cy=K;,=0. The terms, which are preceded
by /2 inherently appear in Eq. (1) when both rotating and sta-
tionary asymmetries exist in the system. Note here that Eq. (1)
represents the periodically time-varying linear rotor system with
the period 7=/}, when it runs at a constant rotational speed (2,
and that it includes the external and internal damping, gyroscopic
moment, and Coriolis effect. When either rotating or stationary
asymmetry does not exist, the equation of motion becomes, or it
can be easily transformed to, a time-invariant differential equation
[7].

In Eq. (1) and its complex conjugate form, the complex equa-
tion of motion can be constructed as

p(1) =y(t) + jz(1),

M(1)(r) + C(1)q(r) + K(r)q(r) =£(z) (3)
where
p(?) g(1)
= N f = — .
90 {5@)} 0 {g(r)}
B [ M; M,, + M, e/2 ]
MO= |8, oM M
_ Cf Cb + CrejZQY :|
= [EE a I
K _ |: Kf Kb + Kreizﬂt :| 4
DK+ Kem K @

Equation (3) can be rewritten in the state space form as
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A(N)w(r) =B()w(r) + F(1) (5)

where

0 M@
Al)= [M(z) ) ]

_1d@®
W(t)"{q(z)}’ F(1) = {f(t)} (6)

The adjoint equation can be derived, introducing the adjoint state
vector z(r), from the homogeneous part of Eq. (5) as follows
[22,23]:

i) =-[A"' ()B(]"z(1) @)

Utilizing the Floquet theory, we can now construct the eigenvalue
problem for this periodically time-varying system with the period
T=m/) as follows:

A1) + uA(Dr(r) =B()r(7) (8a)

MW (DA - (OA@) - () A1) =1"(1)B(2)
with the bi—onhonormality conditions [23]
A (1) =

(8b)

rs=*1,£2,...,£N; i,k=B,F

(9a)

rs’

FOAOr D) + T OA@r (1) - T (0)B(Ori () = w' 8% (9b)

where u, which are termed Poincare exponents, and r(z) and I(z),
which are periodic vectors of period 7=/}, are equivalent to the
eigenvalues, and right and left eigenvectors for time-invariant sys-
tems. Here, the superscript 7 means the transpose and 5’,’; is the
Kronecker delta defined as

.k_{l for i=k and

r=s

S () otherwise

The superscripts B and F refer to the backward and forward
modes, respectively, following the well-established convention for
mode classification in rotor dynamics [3] and the subscripts r and
s with the positive and negative integers are used to identify the
original (strong) and its complex conjugate (weak) modes, respec-
tively [3,17].

Substituting the relation w(r)={d(r) q(?)} =r(r)7n(r) with
q(1)=u.(r) n(r) and Eq. (8a) into the homogeneous part of Eq. (5),
we obtain the relation given by

o {ucm: ) }

Likewise, substituting the relation 2()=AT()I(1) {(1) and Eq. (8b)
into the adjoint Eq. (7), we obtain the relation given by

(10)

N
> > )

i=B,F r=—N

p()

i=B,F r=—N m=—% p=—% 0
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(/Lr+/2mﬂ)(t 7) [ll

r(m)(FT)[ui(m);ovi(Tnl);rzg;n( T) + ui(m);O‘A]Zm);ng;—n(T)]dT

=Ve() + {u = IMOM™ ()]TV.(1)
V(1)

Here, the T periodic modal and the adjoint vectors are composed,

respectively, of
u(r) v(r)
c( ) { (Z) }s Vc(t) = {\A’(l‘) }

The complex state and adjoint vectors, w(z) and z(¢), can be ex-
panded in terms of the T periodic eigenvectors and the adjoint
vectors, respectively, for the rotor system (5), as

()= (11)

(12)

w(r) = E{r(r)nm} => E Te@On0  (13a)
i=B,F r=—N
4N
2(1) = 2 1), = >, E ML) (13b)
i=B.F r=—-N

where the prime notation in the summation implies exclusion of
r=0, 7(t), and {(¢) are the principal coordinates of the original
and adjoint systems, respectively.

Substituting Eq. (13a) into Eq. (5), using the relation (8a), pre-
multiplying by lfT, and using the bi-orthonormality condition (9a)
and the relation (11), we obtain the 4N sets of complex modal
equations of motion as

(1) = syl (6) + Ve (OF() = i (0) + 9} (Dg(0) + ¥, (D& (1),

r=*1,*2,...,=N, i=BF (14)

Recalling the Floquet theory that, from the one periodic solution,
the entire time response of the eigensolutions can be expressed
periodically with the base of that period, we can expand the T
periodic modal vector u.(7) and the adjoint vector v(¢) in Eq. (12)
by Fourier series as follows [6]:

w(n)= ) ul, e dli= ) b, e (15a)
m=—% m=—%
vi(r) = E Vi@, Vi) = X Vi, e (15b)
m=—% m=—%
where ur(m), r(m), vi(m), and 0i<m> are the complex Fourier coeffi-

cient vectors associated with the complex harmonic function of
i2mQt
e/ M

In Egs. (14) and (15), we can obtain the forced response of the
general rotor system (5) as follows [6]:

r(m)vr(m n)g n(T) + ur(m)vr(m—n)g —n(T)]dT

(16)
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Table 1 Modal strength in terms of vector norm order

r(m), r>0 ||ﬁ?(zn);1|| ||“?<m);_1” Hﬁ’_;(m);o\l ||“fr(m);0“ ”li,:r(m);—lH Hu?(m):lH
for )\/(m) ”vA’r(m);]H ||v’r(m);—lH H‘yr(m);oH ”v’r(m);OH ”O’r(m);—]H Hvlr(m);]H
#(0) 0(8A) 0(8A) 0(A) o 0(9) O(8A)
-r(0) 0(54) 0(0) o) 0(A) 0(54) O(5A?)
r(=1) o(A) o(1) 0(d) O(5A) O(&8A) 0(8A?)
—r(1) 0(8A?) O(8A) O(8A) 005 o(1) o(A)

(1) O(8A%) 0(8A?) O(8A?) O(SA) o(A) o(1)

—r(=1) o(1) o(A) O(8A) 0(5A?) O(8A?) O(8A3)

The underlined indicate the representative modal strengths; O(1) is for strong modes and others for weak modes. The bold

identify the modes belonging to cluster 0, which are used to resolve the indefiniteness of Poincare exponents.

where the modulated force vector with the complex harmonic
function of frequency 2n() is defined as

g.,(1) = g(t)e ¥

Here, the alternative Poincare exponents )\;(M)E,U,i+ j2mQ)

=0 () +J Op(m)> Tr(m)> a0d w,(,,) being the real and imaginary parts,
respectlvely, are referred to as the modal frequencies, and u Fm)n
= r(m n and vr(m) . r(m_n) are the corresponding constant

modal vectors with the relations [6],

The subscript r(m) refers to the rth eigen solution in cluster m,
which consists of only the set of eigensolutions associated with
the modulation index m, or equivalently, with the shifted eigen-
values by j2m().

Fourier transform of Eq. (16) leads to

i i =i 4
u—r(—m);n - ur(m);n’ V—r(—m);n - Vr(m);n’

©

TS

m=-% i=B,F r=—N

e
LN LN , r(m);0Y r(m);—
Halio)=Hy, o) = jo— N

Here, Hyp,(jw) is referred to as the normal dFRM that represents
the system symmetry, Hy,(j) is referred to as the reverse dFRM
that represents the effect of system anisotropy, and Hg,(jw) and
H,(jo) are referred to as the modulated dFRMs that represent the
effect of system asymmetry and the coupled effect of both system
anisotropy and asymmetry, respectively.

In this direct modal analysis approach for the periodically time-
varying parameter system (1), the eigenvalues and the correspond-
ing periodically time-varying eigenvectors can be analytically ob-
tained with the rotational speed ({)) varied. However, the closed
form solutions are limited only to a few simple cases because of
mathematical complexity. For most of practical applications, nu-
merical approach is taken first to obtain the 7 periodic modal

(19)

P(jw)= D, > 2 2 r(m) iy G, (jo) (adjoint) vectors, from which the constant Fourier coefficient vec-
e | | iB.F =N mm—ce JO _)\r(m) tors, i.e., the constant modal (adjoint) vectors, are derived [6].
i =T Although the above procedure looks like a novel, analytical ap-
+ 2 E Wrm):0V r(m):n é (jw) proach, one of its critical drawbacks is the numerical instability
—n

i=B,F r=—N m=—x ]w )\r(m)
= 2 {H, ,(j0)G,(j0) + Hy_,(j0)G,_,(je)} (18)
where the Fourier transforms of the modulated excitation vectors

are given by

G, (j) G.,(j®) = G{j(w+2nQ)}

Here, P(jw), G(jw), and G(jw) are the Fourier transforms of p(7),
g(7), and g(1), respectively. Among an infinite number of dFRMs
defined in Eq. (18), we introduce four dFRMs that are important
in characterizing the system asymmetry and anisotropy, as follows

[6,17]:
|: r(m); Ovr(m) 0:|
JO =N

i iT
u;(m) '()v—r(—m);() :|
] = )\r(m)

i iT
, |: We(m):0V=r(=m);-1 :|
]w }\r(m)

= G{j(w-2n)},

EEE

m=-% i=B,F r=—N

ng(jw) = Hg;op(jw)
0 N
o=ty 3 3 S |
m=—» {=B,F r=—N

B>

m=—% {=B,F r=—N

Hg,(jo) = HE;,lp(i‘“)
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for large order systems, since it may suffer from accumulated
error with extensive numerical integration processes [24]. It also
requires an extra procedure to fix the problem of indefiniteness
with the Poincare exponents and the corresponding 7' periodic
modal vectors, which is explained in Appendix A. An alternative
way of improving the numerical accuracy and bypassing the in-
definiteness is to develop a direct calculation method of the con-
stant modal (adjoint) vectors by constructing the Hill’s infinite
order matrix [6], which is taken in this work.

2.2 Modal Strength [17]. For general rotors with weak asym-
metry & and anisotropy A, the terms My, Cy, Ky, M,, C,, and K,
in Eq. (1) can be replaced by AM,,, AC,,, AK;, oM, 6C,, and
SK,. Then, we can define the strength of a mode in terms of its
vector norm order, as shown in Table 1 [17]. The modes with
reference norm order of 1, O(1), (smaller than 1) may be referred
to as the “strong (weak) modes,” because the contribution of a
modal response to the total response will be proportional to the
corresponding modal vector norm. The modes with reference
norm order of 1, A, and & are associated with symmetry, aniso-
tropy, and asymmetry of the system, respectively, and the rest of
modes are associated with the coupling of asymmetry and aniso-
tropy. The weak modes tend to vanish as the degree of anisotropy
and asymmetry diminishes. In particular, the modes of the coupled
anisotropy and asymmetry are vulnerable to the degree of both
asymmetry and anisotropy, so that they are not likely to be easily
captured in practice.
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3 An Enhanced Whirl Speed Chart: Lee Diagram

3.1 Enhanced Campbell Diagram. For complete under-
standing of dynamics of a rotating machine, it is required to have
the full knowledge on the eigenvalues and eigenvectors, and the
disturbing forces of the rotor. On the other hands, forces such as
mass imbalance distribution and external torques may not be
known in detail except the dominant frequency components, un-
less the machine goes through extensive force identification pro-
cesses. The Campbell diagram (whirl speed chart), which has long
been an important tool in the design and operation of rotating
machinery, mostly plots the imaginary part of eigenvalues and the
incomplete but useful frequency information of probable external
disturbances, which is known as order lines. Thus, from the
Campbell diagrams drawn for rotating machines, engineers can
understand which modes are likely to be excited by the excitation
sources of interest, which speed regions are safe for operation, and
so on. However, it may lead to erroneous interpretation on the role
of modes in the response prediction, unless their relative stability
(real part of eigenvalues) and strength (norm of eigenvectors) are
clearly addressed.

The Campbell diagram had been invented by W. E. Campbell in
1924 [8] and widely adopted in the design and operation of rotat-
ing machines. According to Campbell, the diagram plots the natu-
ral frequencies against the rotational speed, along with the force
order lines. The intersections of the force order lines and the natu-
ral frequencies indicate, not the actual, but the potential reso-
nances, which ought to be avoided in actual operation of the ma-
chines. The obvious drawback of the Campbell diagram is that it
is very conservative in prediction of possible resonances, because
it only takes the information of the rotational speed-dependent
natural frequencies, which are the imaginary part of eigenvalues,
and the order of all possible excitation sources. It lacks the infor-
mation on stability, which is related to the real part of eigenvalues,
and modal and adjoint vectors which can be available even before
the manufacture or installation of the machines. In other words,
the Campbell diagram does not differentiate the importance or
potential severity of modes, equally treating all modes.

The strength of a mode can be indicated, as given in Table 1, by
the vector norm of the corresponding modal vector independent of
the nature of the excitation force. Thus, the Campbell diagram
incorporated with modal strength can be used to better identify the
potential danger of the machine in design and operation. The in-
tersections of the force order lines with strong modes should be
treated more important than those with weak modes as the poten-
tial severity of a mode depends on the magnitude of the corre-
sponding modal strength. However, the enhanced Campbell dia-
gram still lacks the information on stability or damping of the
system. Another difficulty is in the computation of bi-
orthonormalized modal and adjoint vectors. Following the com-
putational procedure in Sec. 2.1, we can solve, without a diffi-
culty, for the eigensolutions consisting of eigenvalues, modal, and
adjoint vectors, with ) varied. However, modal and adjoint vec-
tors should be bi-orthonormalized with the constraint that they are
of the same vector norm [6].

3.2 Matrix Norm as a Severity Measure. Frequency re-
sponse is the input to output relation in the frequency domain, or
it can be interpreted as the dynamic gain between the input and
the output, for any order lines of unknown forces. It is the poten-
tial severity of the modal responses to unknown harmonic excita-
tion, which includes the information on modal frequencies and
dampings, modal, and adjoint vectors, and the forcing line order.
The dFRMs defined in Eq. (19) carry too much information so
that direct use of the dFRMs is not practical. Thus, we can intro-
duce the infinity-matrix norm of the dFRMs as a simple, yet prac-
tical measure of potential severity of modes, i.e.,

Journal of Applied Mechanics

Lll(w’Q‘) = Hng(.]w)HOO = ||Hg.0p(jw)H0€

E E Z l r(m); Ovr(m) 0]
m=-» {=B,F r=—N Jw )\r(m)
Lo, ) = [Fg G = [H G0

® N i iT ]
2 E E /|:ur(m)'0V—r(—m);0

m=-2 i=B,F r=—N jo=X\

r(m) o

Ly\(0.0) = [Hg(jo)|.. = [Hg_ (o).

. S “Q >0Vﬂ} ) 1_
E 2 2,{ rim); =r{—-m);—

m=— i=B,F r=—N Jjo— A,

r(m) .

Lyy(0.0) = [Hg(jo)|.. = [Hy_ (o).

2 2 §N: ,|:ulr(m)‘Ovlr(Tm);—l:|
m=-x i=B,F r=—N Jw )\r(m)

The matrix norm defined above is theoretically perfect, but it is
computationally inefficient. Although the modal and adjoint vec-
tors are not required to be bi-orthonormalized, the matrix norm
has to be taken after summing up all modal responses. Note here
that the infinity norm of dFRMs is similar in concept to the H.,,
control, in the sense that the design and control of an interested
system is based on its maximum possible dynamic gain in the
frequency domain. This idea can be an excellent design tool for
rotating machinery, using the concept of the worst-case response
prediction.

Using the results in Table 1, we introduce the upper bound of

the norm of the dFRMs, omitting the symbol o for notational
convenience, as

(20)

%

N i —iT
; 00V 0ol
Li(0,0) = Liy(w,0) = >, > § 00
r=1 i=B,F ljw- )\r(0)|
Hui(—l);OVi{—l);O” ”“i(l);ovi{n;o“ Huir(O);OV?;(O);OH
L=\l =N o=
”uir(—l);()ViTr(—l);()” ||uir(1);()vit(l);0‘|
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where the modes with the bold-faced norm order indicate the
dominant modes in the associated dFRMs. The computation of

I:,-k(w,Q),i,kz 1,2, is much more convenient than direct compu-
tation of the infinity-matrix norms L (w,Q),i,k=1,2, because
the former are computed for residue matrices associated with ev-
ery modes and then summed up to form the upper bounds to the
latter. The upper bounds are still meaningful because they not only
closely approximate the infinity-matrix norm of dFRMs, but they
can be understood as a design concept based on a worst-case
response prediction. The computational effort required for

Li(w,Q) and I:,-k(w,Q), i,k=1,2 is discussed in Appendix B.
In Eq. (21), we can define a 2 X2 matrix function of two vari-
ables, w and (), as

Lij(0,Q) Liy(w,Q)

Le®=1) (0.0 Lyw)

(22)

From the previous discussions, we make the following conclu-
sions.

1. L;(®,Q) is useful to identify the importance of modes in
potential contribution to unknown forced response.

2. Ljx(w,Q) is a good indicator of the degree of anisotropy and
presence of the modes due to system anisotropy.

3. L(w,Q) is a good indicator of the degree of asymmetry
and presence of the modes due to system asymmetry.

4. Ly(w,Q) identifies the coupled effect of system anisotropy
and asymmetry.

021012-6 / Vol. 77, MARCH 2010

Here, the plot of a set of four scalar functions taken from

L(w,Q) (or I:(w,Q) as an approximation) will be referred to as
the Lee diagram. L;;(w,{)), which is most important among the
four scalar functions, can be directly used as an efficient measure
of the possibility of resonance at the various modal frequencies of
a general rotor in its design and operation stage.

3.3 Discussions. As cited in Sec. 1, the Campbell diagram
plots the speed-dependent natural frequency of a rotor, superim-
posed by the possible excitation order lines, whose intersections
represent the possible occurrence of resonances. It treats all natu-
ral frequencies equally so that, for a practical rotor with either
many degrees of freedom or many sources of excitations, their
intersections often turn out to be too many in number to be re-
flected in design and operation of the rotor. In other words, the
diagram is so conservative in prediction of possible resonances
that it often fails in providing practice engineers with any mean-
ingful information. The primary reason is that, besides the excita-
tion order lines, it takes only the imaginary part (w,,,), so-called
the modal frequency, of the eigenvalues, among the eigensolutions
that are obtained from modal analysis of the rotor. The missing
information in the conventional Campbell diagram is the real part
(0(my) of the eigenvalues (or equivalently, the modal damping,
logarithmic decrement or stability) and the eigenvectors (modal

and adjoint vectors, ui(m) and v, ,,, or equivalently, modal re-

sponses). Root locus plots the trajectory of o, as the abscissa,
and w,(,, as the ordinate with the rotational speed () varied [25].
However, the root locus, although the stability information is
implemented, is still vague in clearly identifying the important
possible resonances.

The frequency response matrix (FRM) not only includes all the
available sources of information obtained from modal analysis
such as the real and imaginary parts of eigenvalues, eigenvectors,
but also it normally represents the multi-input and multi-output
relationship, which is the dynamic gain (influence coefficient) ma-
trix of the rotor system. Thus, FRM can be taken as an ideal
measure for severity of possible resonances to the excitations of
known frequency (order lines). On the other hand, FRM, as a
measure (matrix function of w and ), is too difficult to handle
because it includes as many frequency response functions (FRFs)
as the product of the number of input and output. The infinity
norm of FRM instead is a single scalar function of frequency and
rotational speed, which corresponds to the maximum possible dy-
namic gain, i.e., the predicted worst response of the rotor.

Another issue to discuss is what happens when we conduct the
modal analysis of a general rotor in the conventional real coordi-
nates, as majority of, except a few, researchers have taken. We
will obtain the same original and complex conjugate eigenvalues
as before, irrespective of the choice of real or complex coordi-
nates (except for isotropic rotors in the complex coordinates
where the complex conjugate eigenvalues are not allowed [3]).
However, the corresponding modal and adjoint vectors are not so
clearly identified as before, because in the real coordinates the
modal vectors associated with the original and complex conjugate
eigenvalues always form complex conjugate pairs [3]. It means
that the norm order analysis of modal vectors leads to the same
order of magnitude, irrespective of the nature of the original and
complex conjugate modes. When formulated in the complex co-
ordinates, the norm of the original modal vector is of order of
magnitude, whereas the norm of the complex conjugate modal
vector becomes of order of smallness, because the complex con-
jugate modes are treated as the parasitic modes to the original
ones.

4 TIllustrative Examples

In this section, we consider three rotors: an anisotropic rigid
rotor, a simple general rotor, and a commercial generator. The
anisotropic rigid rotor is taken as an example in order to demon-
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Fig. 1 An anisotropic rigid rotor

strate construction of the enhanced Campbell diagram incorpo-
rated with modal strength and the infinity norm of dFRFs. The
simple general rotor is a perfect example for demonstration of the
power of the Lee diagram against the conventional Campbell dia-
gram, because the general rotor represents the real rotating ma-
chinery in general, which is characterized by both anisotropy and
asymmetry occurring in practice. The third example, a commer-
cial generator, is taken to demonstrate the practicality of Lee dia-
gram with real rotors. In the examples, the Lee diagrams have
been normalized as Ly(w,Q)/L,;(0,0), i,k=1,2, for convenience
in scale.

4.1 Anisotropic Rigid Rotor. Consider an anisotropic rigid
rotor consisting of a symmetric rigid rotor supported by identical
orthotropic bearings at ends, as shown in Fig. 1, whose equation
of motion is given in Appendix C [3]. Figure 2 shows the Camp-
bell diagram with the unbalance force order line (broken line in
the figure), indicating four possible occurrence of forward syn-
chronous resonance and treating all modes, translatory and coni-
cal, equally. Figure 3(a) is the enhanced Campbell diagram by
identifying the strong (weak) modes by thick (thin) lines. Figure
3(b) shows the infinity vector norm of the bi-orthonormalized
complex modal vectors. From the figure, it is evident that as the
rotational speed increases, the norm order associated with two
original modal vectors remains as the order of magnitude, whereas
that with their complex conjugate modes decreases rapidly, be-
coming the order of smallness, A=Ak/k=0.04, i.e., the degree of
anisotropy in bearing stiffness. Figures 3(a) and 3(b) imply that
the number of significant modes associated with possible occur-
rence of forward synchronous resonance is reduced to two from
four. For the comparison purpose, the infinity norm of the modal
vectors defined in the real coordinates is plotted in Fig. 3(c). Note
that the norm of all modes becomes the order of magnitude, so
that there is no way to differentiate the strength of original modes
from their complex conjugates in the real coordinates.

In Figs. 4(a) and 4(b), the thin lines are the four sets of normal
and reverse dFRFs, respectively, at (=2 for the anisotropic rigid
rotor. The thick broken line corresponds to the infinity norm of

whirl speed of anisotropic rigid rotor

speed
Fig. 2 Campbell diagram for the anisotropic rotor: unbalance

force (----); F(B): forward (backward) mode; under-bar: com-
plex conjugate mode
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Fig. 3 (a) Campbell diagram incorporated with modal

strength, (b) complex, and (c) real modal vector norm for the
anisotropic rigid rotor

dFRMs, L”(w,Q) and le(w,Q). And, £1|(w,Q) and i]z(w,Q)
(indicated by thick solid lines in the figure) are the upper bound to
the infinity norm of dFRMs, which resemble the infinity norm of
dFRFs near resonances. The small discrepancies of the upper
bound from the infinity norm near antiresonances are not consid-
ered important, because we are mostly interested in the dynamic
behavior of the rotor near resonances. Note that the plot of
Li(w,Q) clearly identifies the four dominant original modes and
L»(w,Q) indicates additional four complex conjugate modes that
are present due to the system anisotropy. For comparison, the
infinity norm of the 4 X 4 FRM, along with the 16 FRFs defined in
the real coordinates is plotted in Fig. 4(c), which fails in identify-
ing the important modes. Figures 5(a) and 5(b) are the plots of the
Lee diagram consisting of L;;(w,Q) and L;,(w, ), for the aniso-
tropic rigid rotor. Note that L;;(w,{) is the major plot, which
indicates the strong modes clearly, whereas L,(w,{)) can be used

maghitude

maghnitude

magnitude

10°

freqzjce)ncy

Fig. 4 (a) Normal and (b) reverse dFRFs, and (c) FRFs for the
anisotropic rigid rotor: —dFRFs or FRFs; ----... Lee diagram;
—Upper bound to Lee diagram
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Fig. 5 Lee diagram for the anisotropic rigid rotor (a) L{(w,Q)
and (b) Liy(w,Q)

to identify the weak modes appearing due to presence of system
anisotropy. For anisotropic (asymmetric) rotors, L, (w,{) and
Ly (0,Q) (Ljx(0,Q) and Lyy(w,{))) vanish.

4.2 Simple General Rotor. Now consider a simple general
rotor system (see the insert in Fig. 6), whose equation of motion is
written as follows [3,17]:

P0) + (25 = jaQ)p(1) + p(1) + 6e* V(1) + Ap(t) = g(1)

where p(t)=y(7)+jz(t) is the complex angular displacement of the
rotor defined in the stationary coordinates (y,z). The above equa-
tion includes the gyroscopic moment (a{), external damping (s),
bearing anisotropy (A), and shaft stiffness asymmetry (). This
rotor model is very simple, yet it generally contains all the essen-
tial characteristics of practical rotors. Figure 6 shows the Camp-
bell diagram for the general rotor with a=0.6, 6=A=0.1, and s
=0.02 as the rotational speed () is varied up to 3. In the figure, the

frequency

0 0.5 1 1.5 2 25 3
rotational speed

Fig. 6 Conventional Campbell diagram for the simple general
rotor
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Fig. 8 Commercial two-pole generator

shaded areas indicate the instability speed regions (one near at
Q=1 and another near at =1.5 in the figure). Note that the
Campbell diagram is crowded with an infinite number (only 12
modes are shown in the figure) of modes, which may all cause
resonances depending upon the type of external forces. For ex-
ample, we can find six (out of twelve modes shown) possible
resonant modes due to the unbalance excitation (marked by bro-
ken line) only, even for this simple general rotor model.

Figure 7 is the plot of Lee diagram, L(w,(}), consisting of four
scalar functions, Lj(w,Q),i,k=1,2, of w and (. As before,
Li(w,Q) successfully picks out 2 important original (strong)
modes out of 12 and the severity of the corresponding modal
responses is well identified by its magnitude (intensity). The gray-
scale maps of L;;(w,Q) and L,;(w,) also clearly identifies the
location of the two instability speed regions, incorporated with the
corresponding three-dimensional plots such as L;(w, ) shown in
Fig. 7(e). The instability region near at =1 is hardly seen due to
its narrow speed region and the presence of damping. We can
conclude from L;;(w,{)) that the rest of modes, due to the rela-
tively small magnitude, do not play a significant role in check of
possible resonances with any external forces. The plots of
Liy(,Q) and L,;(w,Q), together with L;;(w,{)), detect the sec-
ondary modes appearing due to the presence of anisotropy and
asymmetry in the system, respectively, which are less important
than the primary strong modes. Finally, the plot of Lj;(w,(),
compared with Lj;(w,Q) and L,;(w,Q), successfully detects the
anisotropy-asymmetry coupled modes, which are considered to be
far less important than the others. From the Lee diagram for the
simple general rotor, we can identify two primary modes (order of
magnitude) from L;;(w,{), two secondary modes (order of A)
from Lj(w, ), two secondary modes (order of 8) from Ly;(w, ()
and many tertiary (six in the figure) modes (order of SA or higher)
from Lyy(w, Q). Once the modal contributions are identified from
L(w,Q), we can solely use L;;(w,{)) for detection of possible
resonances with external forces as we did with Campbell diagram.

4.3 Commercial Generator Model. The third example is a
two-pole generator shown in Fig. 8. The commercial two-pole
generator has asymmetry in the rotating part because there are
many slots in the rotor for coil windings. Moreover, three journal
bearings, of which bearing properties are strongly dependent upon
the rotational speed, have anisotropy. The two-pole generator is
modeled by finite elements of Rayleigh’s beam and the coil wind-
ings are modeled by additional point masses. Figure 9 shows the
conventional Campbell diagram drawn from 1000 rpm to 3960
rpm. As there are numerous modes in the Campbell diagram, it
may mislead us to a wrong judgment that it is almost impossible
to operate the generator near at 3600 rpm without a chance in
resonance. Instead, the significance of resonances can be evalu-
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ated by modal strength as shown in Fig. 10. Primary strong modes
are distinguished from numerous weak modes by their modal
strength (intensity level in the figure). However, the Campbell
diagram only with modal strength is very conservative in the
sense that it exaggerates the role of primary strong modes, be-
cause it still lacks the information of the damping and the input to
output relation of the generator.

Figure 11 plots L(w, ) instead of L(w,), for the two-pole
generator due to the computational efficiency discussed in Appen-
dix B. Note that the Lee diagrams shown in Figs. 7 and 11 are
alike in nature, because the generator is indeed a typical practical

100

8
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2000 3000
rotational speed (rpm)

Fig. 9 Conventional Campbell diagram for two-pole generator
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Fig. 10 Campbell diagram incorporated with modal strength
for two-pole generator
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example of a general rotor. Figure 11(a) shows L;;(w, ), which
represents symmetric property. The plot is the most important to
evaluate the possible contribution of modes to forced responses
because the symmetric property is generally much larger than the

anisotropic and asymmetric property. From the plot of ill(w,Q),
it can be concluded that only the first translatory modes near at
*20 Hz play an important role in the predicted forced response,
although the generator system has many other strong modes, as
seen in Fig. 10. Because the other strong modes except the first
translatory modes are heavily damped by the three journal bear-
0 ings of large damping, the potential contributions of those modes
to forced responses remain insignificant, compared with the first
translatory modes. Note that other strong modes near at =60 Hz
may also have a little, if not significant, contribution to the forced

0

whirl speed (Hz)

(gp) apnjiubew pazijewiou

rotational speed (rpm)
(€))

3
3
responses. The magnitude of L;y(w,() is similar to that of
ill(w,ﬂ). It means that the system possesses a relatively large
amount of anisotropy in the journal bearing properties. The weak

modes in Ly;(w, () that do not appear in L;(w,€) and L;»(w, Q)
become visible, but they have small magnitudes compared with

0

whirl speed (Hz)

i12(w,ﬂ) (see the use of two different scales). It is because the
asymmetry of the two-pole generator is relatively small, compared

(gp) apnjiubew pazijewiou

-3
-3

with the journal bearing anisotropy. From the plots of L;;(w,(2)

0
and Ly, (w,Q), we can identify the possibility of excessive unbal-
ance and transient response in the narrow speed region centered at
about 1050 rpm, due to the presence of asymmetry in the genera-
tor rotor. The anisotropy-asymmetry coupled modes of O(A&) or

smaller are well identified from f,zz(w,ﬂ) in Fig. 11(d).

0
0
0

5 Conclusions

<

(gp) apnyubew pazijewiou

Table 2 compares various diagrams in usage of available infor-
mation. The order analysis for a general rotor with weak aniso-
tropy and asymmetry and the use of the Lee diagram are success-
ful in check for coincidence of probable excitation sources with
modal frequencies of rotor, when the degree of anisotropy and
asymmetry of the rotor system remains small. The smallness is not
a strong assumption, because most practical rotors are either made
close to axisymmetric shape or run at a relatively high operating
speed, as proven in Appendix D.

The following can be concluded from use of the infinity norm
of dFRMs as a measure of severity of possible resonances.

whirl speed (Hz)

A
t%?J()O 2000 3000 3960
rotational speed (rpm)

(©

0

1
1
| 1. Lee diagram, consisting of the four plots, L;(w,Q),
Liy(0,9Q), Ly (0,Q), and Ly(w,Q) clearly identifies the
important modes as well as resonances of a general rotor
system with either the weak rotating and stationary asymme-
try or the strong skew-symmetric coupled system matrices.
2. Lj(w,Q) readily differentiates the original (strong) modes

%00 200 3000 3960 0 from the complex conjugate (weak) modes.
rotationd sgf)ed {rpen) 3. Liy(0,9Q), Ly (w,Q), and Ly(w, Q) are useful in identifying
the weak modes of less importance associated with the sta-
Fig. 11 Lee diagram (upper bound) for two-pole generator (a) tionary asym;ne}:ry, the rotating .aS}lfmmetry, and the coupled

2 2 [ [ asymmetry of the rotor, respectively.

Lin(@,2), (B) Lizw, ), (0) Lax(2,2), and (e Lzp(e0, 2) 4. Tge Lee giagram can be usgd as a>£)owerful design tool for

rotating machinery, particularly for FEM based rotor models
in their design phase.

=]
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Table 2 Comparison of diagrams in usage of available information

Re(N) Im(\) Modal vector Excitation
Campbell diagram X (6] X Order lines
Root locus (6] (6] X X
SAFE X (6] No. of nodal diameters Order lines
Campbell diagram with modal strength X (6] Modal vector norm Order lines
Lee diagram (6] (6] Residue matrix norm Order lines+maximum frequency response
021012-10 / Vol. 77, MARCH 2010 Transactions of the ASME
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5. Among others, L;{(w,{}) alone is far superior in prediction
of occurrence of possible resonances of the rotor to the con-
ventional Campbell diagram, because it identifies the modes
of paramount importance in design and operation of rotating
machines.

Appendix A: Determination of Basis Poincare Expo-
nents

According to the Floquet theory applied to a periodically time-
varying linear system of period 7, the Poincare exponent, u, and
the corresponding T periodic eigenvector (modal vector), r(r)
(u,(2)), are indefinite, in the sense that it holds, for an arbitrary
integer k,

(1) = '’ (1) = e (1) = e "ul (1) (A1)

2k 27k
W= w0 =T ugl) (A2)

T

i.e., there exist an infinite number of solutions for x and u.(¢). The
general rotor system (1) with weak asymmetry can be considered
to be a perturbed system from the associated time invariant linear
system, excluding the perturbations preceded by /% (or equiva-
lently ¢/2™7) in Eq. (1). Let us assume that the eigenvalues and
the corresponding constant modal vectors of the associated con-
stant system are u, and u,, respectively. The T periodic eigen-
vector, u,(r) associated with Eq. (1) can be expanded in Fourier
series as follows:

oo
uc([) =U,+ 2 5uc(m)ej2‘n'mf/T

m=—x

(A3)

Here, 5uc(,,,),m=0, *1,*2,%3,... are the perturbation vectors
to uy . Provided that the order of |Su,l/|lu.
=0,*1,%2,=*3,... are § or smaller, referring to Sec. 2.2 and

Table 1, the basis of Poincare exponents and the corresponding 7'
periodic modal vectors can be formed as follows.

, m

(1) Obtain an arbitrary Poincare exponent, u’, and the corre-
sponding T periodic vector, u/ ().
(2) Expand u/(¢) in Fourier series as

’ _ J27kt/T j2mt/T
uc(t) =é U+ 2 5uc(m)ej

m=—ow

(A4)

from which the Fourier coefficient vector uo+du, ) with
the maximum vector norm and thus the integer k can be
easily identified.
(3) Determine the basis set of u and u,(¢) from the relations
2kt .
p= e w0 =T (AS)
The Poincare exponents that are determined from the above

procedure are called the eigenvalues belonging to cluster O
[6], i.e.,

=Ny, r==*1,%£2, ..., =N, i=BF

The above procedure is consistent with the order analysis
of vector norm summarized in Table 1, because it holds

[[uo+ 5“40)” = max{|Ju, + oug)|l,|[dg + 5ﬁ(0)||}

s

~max{0(1),0(A)} =0(1)

Here, the norm of the Fourier coefficient vectors, except
m=0, is of order equal to or higher than &. The above
procedure excludes the special case of an asymmetric rotor
system, which can be formulated as a time-invariant linear
system in the rotating coordinates.
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Appendix B: Computational Efficiency With L(w, £2)
and I:(w, )

The size of system matrices in Eq. (1) is NXN, N being the
number of complex coordinates required to describe the system
dynamic behavior. Now assume that the rotational speed is fixed
at =0),. For every rotational speed of interest, the approximate
eigenvalue problem with fair accuracy can be formulated from the
12N X 12N Hill’s reduced order matrix [6]. Then the four N XN
dFRMs can be derived as given in Eq. (19). Construction of N
X N residue matrices at n,, modes of interest for each dFRM re-
quires n,,N> multiply operation. For N X N residue matrices given
at n,, modes of interest, calculation of each NXN dFRM at n,,
spectral lines and its infinity norm requires n,n,N> divide-add

operation. The speed ratio, r;, in computation of Ly(w,(;) to
Li(0,Q,), i,k=1,2, then becomes N?, because computation of

each Ly(w,€),) takes n,n,, divide-add operation. For the commer-
cial generator treated in Sec. 4.3, N=42, n,,=84, and n,=2000
were used to compute dFRMs, resulting in 7, =N~ 1600. Note
that the computational time needed for Ly(w,();) increases rap-
idly in proportion to N?, while the computational time for

iik(w,ﬂl) is almost independent of N. Besides the computational
burden, another critical problem with direct computation of
Li(w,Q,) is the memory shortage as N increases, because the size
of data storage required in the computational process of L (w, ;)

is n N2, whereas L (w,Q,) takes only n,, memory space.

Appendix C: Equation of Motion for the Anisotropic
Rigid Rotor (Sec. 2.8 of Ref. [3])

The equation of motion for the anisotropic rigid rotor in Fig. 2
can be written, in the complex coordinates, as

[mf%w mglez—iT]{ﬁl(l)}_'_[—ﬁpQ Ji,Q) Hm(r)}
ml =iy mli+ir || py0) Ji, = ji, Q0 | pa(0)

[k 0 Hm(z)} [Ak 0 ] 70 {gl(t) }

+ + = (C1)
0 kJ{po() 0 Ak1{p(1) 8(1)

where iz=Jg/L%,i,=J,/L* €,=Li/L,€,=L,/L, and L;+L,=L.
Here, the subscripts 1 and 2 represent the bearing location; m, J7,
and J, are the mass, transverse, and polar mass moments of inertia
about the center of gravity of the rotor, respectively; L, and L, are
the distance of the bearings from the center of gravity; and k and
Ak are the mean and deviatoric stiffnesses of bearings, implying
that the stiffnesses of each bearing are k+Ak and k—Ak in the y
and z directions, respectively. The simulation data are taken as
m=1,k=0.5,Ak=0.04, €,=0.25,¢,=0.75, and i;=0.0625,i,
=0.5i7, as the rotational speed () was varied up to 4. To prevent
the blowup of dFRFs and FRFs at resonances, as a matter of
graphical convenience, the real part of all eigenvalues was set to
be 0.01.

Appendix D: Practicality of Smallness in Anisotropy
and Asymmetry [3]

For a general rotor system, the dynamic stiffness matrix asso-
ciated with the anisotropic (asymmetric) element coordinates can
be reduced to

Dy(jw) = - o*M(Q) + joC(Q) + K(Q) (D1)

The nonsymmetric, in general, dynamic stiffness matrix can be
decomposed into a symmetric and a skew-symmetric matrix as

D, Dy|_[Dy D | [ 0 D
D, D.| |-D, 0

Dy (jw) = (D2)

DZ_V DZZ

Introducing a proper rotation matrix, we can always transform the
above expression to

MARCH 2010, Vol. 77 / 021012-11

Downloaded 04 May 2010 to 171.66.16.45. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



. . D! D,
D (jw) =RDg(jw)R" = _S D* (D3)

Thus the smallness, A, of anisotropy (asymmetry) can be defined
as

LR Y -
CRECARNCR A

Note that ||Dg||, which includes the gyroscopic moment effect,
grows much faster than ||D [+|D7|, representing the mean stiff-
ness of the system, as the rotational speed increases. Thus, the
above smallness assumption is valid for most practical rotors.
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